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Abstract. We give a very short argument showing how the main identity J2]| from 
our earlier paper [9] immediately leads to the best lower bound currently known [2] 
for the Hausdorff measure of nodal sets in dimensions n > 3. 



Let (M, g) be a compact smooth Riemannian manifold of dimension n and let ex be 
real- valued eigenfunction of the associated Laplacian, i.e., 



with frequency A > 0. Recent papers have been concerned with lower bounds for the 
(n — l)-dimensional Hausdorff measure, \Z\\, of the nodal set of e\, 



in dimensions n > 3. The sharp lower bound by the frequency, A < \Z\\, was obtained 
by Briining in [TJ and independently by Yau, and, in the analytic case, the sharp upper 
and lower bounds \Z\\ A were obtained by Donnelly and Fefferman [4], [5]. 

Until recently, the best known lower bound when n > 3 seems to have been e~ cA < \Z\\ 
(see [6] ) . Using a variation ([2]) of an identity of Dong [3] , the authors showed in [9] that 
this can be improved to be A"t < \Z\\. Independently Colding and Minicozzi 2 
obtained the more favorable lower bound 



by a different method. Subsequently, the first author and Hezari [7J were also able to 
obtain the lower bound ([1]) by an argument which was in the spirit of [Hj. The purpose 
of this addendum to [5] is to show that the lower bound ([I} can also be derived by a very 
small modification (indeed a simplicihcation) of the original argument of [9] . 

The lower bounds of [SJ [7J are based on the identity 



A g e\(x) = \ 2 e\(x) 



Z x = {xe M : e x (x) = 0} 



(1) 



< \Z X \ 



(2) 




from [9] and the (sharp) lower bound for L 



-norms 



(3) 




which was also established in [5]. 
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The lower bound ([1} is a very simple consequence of the identity @ and the following 
lemma (which was implicit in [5]). 

Lemma 1. If A > then \\V g ex\\ L -°(M) < X l+ ^ ||eA|Ui(Af)- 

Indeed if we use ^ and then apply Lemma [TJ we obtain 

^J M \^\ dv = 2 Jz x |V 9 e A | 3 d5 < 2\Z X \ ||V ff e A |U~ (M ) 

(4) 

< 2|Z A | A^^lleAlU^M), 

which of course implies ([T]). 

Lemma [T] improves the upper bound on the integral given in Lemma 1 of , and its 
proof is almost the same as the proof of (JH]) in Proposition 2 of [5]: 

Proof. We first note that if p € C^°(R) satisfies J pdt = 1 then xa^a = e A if 

X a/= J p(t)e- itx e u V^fdt. 

If we assume further that p(t) = for t ^ [e/2, e] it is very easy to compute the kernel 
K\(x, y) of xa if £ is sufficiently small and fixed. Indeed, by Lemma 5.1.3 in [5] it satisfies 

(5) \V g K x (x,y)\ <CX 1+ ^. 

Thus || V g xxf\\L°° < C\ 1+ ^~ II/Hl 1 ! which implies the lemma. 

□ 

We briefly compare the proof of ([T]) in this addendum with the estimates in [9]: 

• Instead of Lemma[T] the estimate || V ff e||ico( M ) < X 1+ ^~ was used in [9]. The 
latter estimate is a consequence of the pointwise local Weyl law for |VeA(a;)| 2 . 
The estimate ([5]) improves the local Weyl law estimate by the factor of ||eA||ii(jw)- 

• In [9] the authors proved the lower bounds (|3]) by showing that 

||eA|U°°(M) S ^~ ll e A|Ui(M), 

by essentially the same argument as in Lemma [U In the proof given in this note, 
((U is not used in the proof of (fTJ) since the factor ||ex||i 1 (jw) cancels out in the 
left and right sides. 
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